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ABSTRACT 
   This is a review article on modeling convective flows due to either buoyancy 
force or surface tension gradient force during protein crystallization that have been 
studied in the past.  The modeling and computational studies of such flows have provided 
useful results about the effects of the undesirable convection, which need to be 
minimized in order to produce protein crystal with higher quality and better order in the 
structure.  Ramachandran et al. [1] developed analytical and numerical models to 
describe the flows and transport associated with the protein crystal growth.  Lee and 
Chernov [2] carried out analytical and numerical studies of convective and diffusional 
mass transport to an isolated protein crystal growing from solution, with slow linear 
interface kinetics.  Very recent modeling and computational studies by Bhattacharjee and 
Riahi [3, 4] of compositional convection during protein crystallization and under the 
external constraint of rotation indicated beneficial effects of rotation in reducing the 
effect of convection under certain range of the parameters values.  The results by these 
authors also provided conditions under which convective flow transport during the 
protein crystallization can approach the diffusion limited transport, which is desirable for 
the production of higher quality protein crystals. 
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INTRODUCTION 
It is known that space environment under microgravity condition has the 
advantage over the earth environment for the production of higher quality crystals since 
at least the component of the undesirable convective flow due to the buoyancy force is 
negligible under the microgravity condition of the space environment.  A number of 
experiments involving protein crystal growth that have been carried out in space under 
microgravity condition, have been able to produce certain types of crystals that were 
relatively larger and better ordered as compared to those grown on earth under normal 
(earth) gravity (1g0 –level) condition [5-8].  The main motivation for growing protein 
crystals in space has been to achieve diffusion controlled growth condition, which was 
thought to produce higher quality crystal.  However, there have also been a number of 
flight experiments that produced crystals with no noticeable improvement in the quality 
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and internal structure as compared to those grown under the normal gravity on earth.  
One main problem due to the space environment under the microgravity condition has 
been the dominance of the effect of surface tension gradient force, which is undesirable 
and can adversely affect the crystal-melt interface.  Although this problem is difficult to 
be examined quantitatively at present due to the lack of sufficient information about the 
surface tension and its precise variation with respect to the solute concentration, 
qualitative information about ways that Marangoni effect can be reduced noticeably, is of 
value.  The recent investigation in [4] determined such information for the case where the 
protein crystal grows in a microgravity environment and is under a rotational constraint.  
These authors detected some interesting results about the beneficial effects of the external 
constraint of rotation.  In particular, they found certain values of the rotation rate under 
which the effect of the surface tension gradient force on the convective flow was reduced 
noticeably.  
 
     In the engineering applications, a number of studies already documented the 
beneficial effects of rotation, under some conditions, on the growth of crystals other than 
those due to proteins.  Lie et al. [9-10] studied centrifugal pumping with applications to 
semiconductor crystal growth and silicon crystal growth in float zone processes.  Riahi 
[11-13] investigated asymptotically nonlinear compositional convection during alloy 
solidification in a high gravity environment, where the solidification system was 
subjected to an inclined rotational constraint, and determined range of values for the 
centrifugal and Coriolis parameters under which buoyancy driven convection may be as 
weak as possible.  
 
     The problems of convective flows, subjected to the buoyancy or surface tension 
gradient force, are of considerable interest in geophysics and engineering [14].  A number 
of nonlinear studies have been carried out in the past [15-24].  The only work that takes 
into account the effects Coriolis force in a Benard-Marangoni type convection in a 
rotating fluid is apparently that of Riahi [25] who studied theoretically the weakly 
nonlinear case near the onset of motion and found, in particular, some stabilizing effect of 
the Coriolis force on the flow pattern.  
 
       In regard to the effects of the surface tension gradient force on flows during non-
protein crystal growth, some results have been determined for flow in a circular 
cylindrical float zone [26] and for flow during a realistic float zone crystal growth [27].     
For flow during protein crystal growth, very few investigations have been done so far to 
study the Marangoni effect [28].  In addition to the recent work [4], Resenberger [29] 
have made some qualitative points about the Marangoni effects on flow during protein 
crystal growth. Monti and Savino [30-31] investigated numerically some modeling 
aspects of fluid mechanics of vapour diffusion systems and studied qualitatively the 
Marangoni effects that could exist in drops and around growing crystals. 
 
     Bhattacharjee and Riahi [4] investigated computationally and for the first time the 
effect of rotation on surface tension driven flow during protein crystallization under 
different microgravity environments.  Their computational modeling and procedure was 
similar to that used by Ramachandran [1] for buoyancy driven convection during protein 
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crystal growth and in the absence of rotation.  Due to the complexity of the their problem, 
which was compounded by the presence of the externally imposed inclined rotation, the 
authors restricted their study to the simplest case of a planar model for the protein system 
where the governing system of equations was satisfied and the effects of centrifugal 
force, Coriolis force and the surface tension gradient force were all taken into account.  
This has been the first study of the surface tension driven convection during protein 
crystal growth and under the inclined rotational effect.  In the present review article, one 
of the main sections is on the problems and the results presented in [3, 4], and the other 
main section is about the case treated in [2].  
   
FLOW SYSTEM 
     The work in [3, 4] considered a small cylindrical crystal growing in a cylindrical 
chamber whose axis coincides with that of the crystal.  The authors employed the 
modeling data similar to those used in [1] for the protein crystal, the chamber and the 
fluid within the chamber boundary and the crystal.  Hence, diameter size of the crystal 
was chosen to be 0.1 cm, length of the height L of the crystal was taken as 0.1 cm, and 
the crystal was suspended with its center 0.25 cm from the bottom of the chamber.  The 
values of the kinematic viscosity ν, solute diffusivity D and density ratio ∆ρ/ρ∞ ≡(ρ∞ -
ρi)/ρ, were taken [1] respectively as 0.01 cm2/s, 0.000001 cm2/s and 0.01.  Here ρi is the 
density at the crystal-melt interface, which was assumed to be a constant, and ρ∞ is the 
reference density of the fluid away from the crystal interface.  
 
     Following [1], the moving boundary of the crystal was ignored since the crystal 
growth velocity was sufficiently slow.  No-slip conditions for flow velocity were used on 
the crystal surface and on the container’s solid boundary in contact with the fluid, while 
impermeable and free surface conditions were assumed at the top surface of the fluid, 
which was not in contact with the container’s boundary.  Additional boundary conditions 
for the solute concentration C were that C=Ci on the crystal interface and C=C∞ at the 
container’s boundary in contact with the fluid, where C∞ was assumed to be a constant.  
As explained in [1], the dependence of Ci on the growth system has been generally 
unknown, for most of the protein growth systems, and, thus, Ci was also taken as a 
constant.  Adopting Boussinesq approximation [32], the density difference ∆ρ was then 
directly proportional to the difference in the solute concentration. 
 
     The governing equations for momentum, continuity and solute concentration were 
considered in a rotating frame embedded in the crystal, and the crystal growth system 
was assumed to be rotating at some constant angular velocity Ω about the rotation axis, 
which considered to be either anti-parallel or parallel with respect to the normal gravity 
vector, and the axis of the protein crystal made an angle γ with respect to the rotation 
axis.  For 0≤γ<90°, the rotation vector Ω was assumed to be anti-parallel to the normal 
gravity vector, while Ω was assumed to be parallel to the normal gravity vector for 
90°≤γ<180°.  The coordinate system, which was assumed embedded in the crystal growth 
system, was, thus, rotating about the rotation axis.  The momentum equation, thus, 
contains terms due to inertial, pressure gradient, viscous, buoyancy, centrifugal and 
Coriolis forces.  In the momentum equation g =ng0 is acceleration due to gravity, where 
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g0 is the normal (earth) acceleration due to gravity (981.0 cm/s2) and n denotes the 
gravity level used in the present study. 
 
     The governing equations and the boundary conditions were non-dimensionalized 
using L, ν/L, L2/ν, ∆C and ρ∞ν2/L2 as scales for length, velocity, time, solute 
concentration and pressure, respectively, where ∆C≡C∞ –Ci.  The governing system then 
contains the non-dimensional parameters S, T, G and M.  Here S=ν/D is the Schmidt 
number, which had the value of 10000.0 in [3, 4] study, T=4Ω2L4/ν2 is the Taylor 
number, G =g(∆ρ/ρ∞)L3/ν2 is the Grashof number, which had the form Gr =(01 s2/cm)g in 
[3, 4], the ratio ∆ρ/ρ had the value of 0.01 [3, 4], and M= ∆C L(dξ/dC)/(Dµ) is the 
Marangoni number, where ξ is the surface tension and µ is the dynamic viscosity. 
 
     The numerical code used in [3, 4] was a finite-difference Navier-Stokes code for 
non-staggered Cartesian grids.  After doing the required sensitivity tests, a grid of 88×97 
was used throughout the simulations, with the grid lines clustered towards the walls.  The 
code used a finite-difference scheme in two-dimensional Cartesian coordinates on non-
staggered grid.  The convective terms were discretized using positive coefficient skew 
upwinding and for diffusive terms central differencing was used.  The code was 
benchmarked with pure natural convection case and with the simulations in [1] and was 
found to give good agreement. 
 
     The case of g=0.000001g0 was used as the baseline case for the simulations, and 
each case was run for several different angles of inclination γ.  The parameters of interest 
were the maximum Vmax of the magnitude of velocity vector u in the protein growth 
system, which was also referred to as global maximum velocity, the Sherwood number 
Sh, and the local velocity Vloc, which was defined as the maximum value of the 
magnitude of velocity vector u in a domain of two non-dimensional units away from the 
crystal surface. 
 
     A brief discussion of the results obtained in [4] is as follows.  First, the results are 
discussed for the cases of g= 0.000001g0 and γ=0.0 with the free surface level very close 
to the upper face of the crystal, where the non-dimensional perpendicular distance d 
between the free surface and the upper face of the crystal was taken the value of 0.074 
and either M was zero or the effects of the surface tension driving force on the crystal 
growth was significant for a given non-zero M.  For M=γ=0, It was found that for very 
small values of the rotation rate, there was a slight decrease in the velocity scales, which 
was already very small (~0.00005 cm/s) after which the velocity increased sharply with 
the rotation rate.  Thus it was concluded that moderate and strong rotation increased the 
convection at zero Marangoni number.  The calculation results for the Sherwood number 
indicated that Sh remained nearly a constant for the studied range of √T.  For M=1000.0 
and γ=0.0, it was found that the local velocity scales were significantly lower than the 
maximum velocity scales over most of the domain for √T that had been investigated.  In 
this case, though the local velocity scale increased almost linearly with √T, the maximum 
velocity scale decreased for √T in the range 0≤√T ≤50.0, after which it increased and for 
√T >80.0 its value became higher than that of the local velocity scale.  The calculation 
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results for the Sherwood number at these values of M and g, indicated that, as T increased 
from zero value, Sh decreased first and then increased monotonically, a minimum was 
reached at about √T=20.0.  The maximum velocity scale was also found to reach a 
minimum value at this value of √T.  As was noted by the authors, the values of the 
velocity scales were about 100.0 times more than the corresponding velocity scales 
values for the M=0.0 case, and the rotation rate required to bring a notable effect 
corresponded to values of √T about 10 times larger than the √T values found in the 
M=0.0 case. 
 
     The M =10000.0 case was considered next.  The results for the local and 
maximum velocity scales indicated that the values of these velocities were equal for zero 
rotation rate case, but with increasing √T, the local velocity scale decreased while the 
maximum velocity scale increased, reached a peak at √T about 25.0 and then began to 
decrease.  At √T about 75.0 the minimum for both the maximum and local velocity scales 
were found, the minimum being almost 50% of the value at zero rotation.  Further 
increase of √T was found to increase the velocity scales only marginally.  The velocity 
vectors determined at their maximum at the boundary, and these vectors were found to 
shorten in length with increasing √T.  Also the pattern of convection was determined.  
For small rotation rates, the convection was limited mainly to the left and right walls of 
the crystal, in a counter clockwise direction on the left wall.  With increasing √T, this 
convection was pushed upwards and new convection is found to develop in the lower 
boundary of the crystal this one in a clockwise sense.  The Sherwood number as found to 
decrease by 50%, to a minimum at √T corresponding to minimum velocity scales.  The 
beneficial aspects of rotation were found best for this case.  The Sherwood number 
variation was also determined.  There were steep gradients in the concentration for the 
low rotation case, but with increasing rotation, these contours of constant concentration 
were found to spread out yielding lower Sh.  When the contours were perfectly spread out 
as in the case of pure diffusion, the Sherwood number was minimized.  Rotation was 
found to drive the contours towards that ideal condition. 
 
     For the case of M=100000.0, the values of the velocity scales were about 1.5 cm/s 
or less.  The maximum and local velocity scales decreased monotonically for increasing 
√T.  For the highest √T simulations, the maximum velocity scale was found to equal the 
local velocity scale of 0.35, thus a decrease in the maximum velocity scale of about 4.2 
times was found.  It was thus postulated that the beneficial effects of decreasing 
Marangoni convection was better for higher values of M.  The results for Sh in this case 
and for cases of M=10000.0 and 1000.0 indicated that Sh increased with M. 
 
      Next, the cases of g=0.0001g0 and γ=0.0 with the free surface level again very 
close to the upper face of the crystal (d=0.074) were calculated.  The computation in [4] 
was carried to determine maximum and local velocity scales, Sherwood number, velocity 
contours, etc, for different M and √T.  For M=10000.0, the maximum velocity scale was 
found to be larger than the local velocity scale for zero rotation.  As √T increased beyond 
its zero value, both velocity scales decreased and reached a minimum value at about 
√T=100.0 beyond which the velocity scales increased strongly with the rotation rate.  
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Larger values of g were found to require larger values of the rotation rate in order for the 
velocity scales to reach their minimum values.  This result is consistent with the physical 
aspect of the destabilizing effects of the buoyancy force. 
 
     The effects of the location of the free surface relative to the location of the crystal 
were studied for cases where the free surface level was somewhat away by the distance 
d=1.486 parallel to the x-axis from the upper crystal face.  It was found that as d 
increased from the previously chosen value 0.074, then flow adjacent to the crystal face 
stabilized as expected physically.  Some typical results about the velocity vectors were 
obtained for g=0.000001g0, γ=0.0, M =10000.0, d=1.486 and for several different values 
of √T.  For small rotation, convection was found to be limited to the region between the 
free surface and the crystal face parallel to the free surface and forming two circulations 
with opposite directions.  With increasing √T, these flow circulations extended over the 
whole flow domain.  The authors also generated data for the velocity scales and the 
Sherwood number in this case.  The calculated data for the Sherwood number in this case 
indicated qualitatively the same behavior as in the d=0 case, except that the minimum 
value of Sh corresponded at a lower value of √T if d was larger.  The results for the 
velocity scales indicated that the value of the local velocity scale decreased with 
increasing d, while the value of the maximum velocity scale increased with d for small 
rotation and slightly decreased with increasing d for large rotation. 
 
     In regard to the effect of the angle of inclination γ, it was found that its effect on 
the solute flux, local velocity scale and convection was generally not significant.  
However, its effect on the maximum velocity was found to be noticeable.  For example, 
for g =0.000001g0, M=10000.0 and √T=120.0, it was found that the maximum velocity 
scale remained nearly a constant about 0.044 for γ less than about 30.0 degrees, while it 
increased with γ for 30.0° <γ ≤90.0° reaching a maximum value of about 0.116 and then 
decreased with further increase in γ for 90.0°<γ ≤165.0°.  For 165.0° <γ ≤180.0°, Vmax 
again remained nearly a constant value of about 0.042. 
 
THE CASE WITH INTERFACE KINETICS 
 The work in [2] considered buoyancy driven convection during protein 
crystallization and in the absence of both rotation and surface tension gradient effects.  
The authors considered a cylindrical protein crystal sitting at the bottom of a cylindrical 
chamber filled with its solution containing an impurity.  Initially at time t=0, the uniform 
density of the solution was ρs, and the uniform concentrations of the crystallizing protein 
and impurity were, respectively, ρ10 and ρ20.  For t>0, the concentrations depended, in 
general, on time and space variables, and were designated by ρ1 and ρ2.  The mass 
diffusivities for protein and impurity were designated by D1 and D2, respectively.  It was 
assumed that there was slight contamination such that ρ20<<ρ10.  Crystal-solution 
equilibrium was reached when ρ1=ρ1e.  Inside the crystal structure, the density for the 
protein was ρ1c and for impurity was ρ2c.   
 
 Next, the boundary condition for ρ1 at a crystal surface was related to the growth 
rate of that surface.  The growth of the crystal took place both in tangential and normal 
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directions to each surface of the crystal.  It is known that the tangential growth is much 
faster than the normal growth, and, so, each surface was considered as advancing 
uniformly in the normal direction like a plane at a rate V, which in general depended on 
time t. 
 
 Applying the mass conservation for the protein, the normal diffusion flux should 
be proportional to V, which was assumed to be proportional to the super-saturation ρ1-
ρ1e.  Hence, D1∂ρ1/∂n=ρ1cV=β(ρ1-ρ1e), where β is the kinetic coefficient characterizing 
the rate at which the molecules are incorporated by the growing face, and n is normal 
distance pointing towards the solution from the crystal surface.  Since the growing crystal 
face was assumed to be flat, V did not depend on the position along the face.  The authors 
in [2] assumed β to be a constant, and the advancement of the crystal growing surfaces 
was not taken into account in their modeling even though V had a finite value. 
 
 Using the mass conservation for the impurity at the growing interface, it was 
found that D2∂ρ2/∂n=(k-1)ρ2V, where k=ρ2c/ρ2, in which ρ2 was evaluated at the 
interface, was the segregation coefficient, which was assumed to be constant. 
 
 The work in [2] then assumed stable flow conditions, which, in particular, 
excluded striations in the protein crystal.  The authors considered axisymmetric flow and 
used cylindrical coordinates for governing equations for the vorticity, continuity for the 
protein and continuity for the impurity.  The boundary conditions at the growing crystal 
surfaces were those two described above for ρ1 and ρ2 plus assumed zero velocity vector 
u=0 at the crystal surfaces.  The boundary conditions at the chamber walls were u=∂ρ1/∂n 
= ∂ρ2/∂n= 0, and initially it was assumed that u=0 and ρ1=ρ2=1 in the solution.  The 
authors developed a generic scaling model analytically and solved the flow system 
numerically using a finite difference scheme.  They determined the contribution of the 
convection and diffusion to the mass transport and also studied the effects of various 
factors on the growth kinetics and protein crystal purity.  Their results indicated, in 
particular, that the impurity distribution within the protein crystal was not homogenous 
due to convective flow effect.  The authors determined the level of residual gravity, 
below which there is diffusion-controlled transport for crystals sitting at a chamber wall.  
This could be useful for proper design of space experiments, provided Marangoni 
convection effects also accounted for, which was not considered in [2].       
    
            
REMARKS 
     It appears from the work in [3, 4] and the subsequent results about the effects of 
the inclined rotation on the buoyancy or surface tension driven flow (Marangoni flow) 
during protein crystallization that such flow can be weakened noticeably for the moderate 
rates of rotation, while such flow can be enhanced for sufficiently large rotation rates.  
Furthermore, we conclude that stronger Marangoni flow can be weakend by applying 
rotation rate of larger magnitude and the effect of the angle of inclination γ on the 
Marangoni flow is rather weak in such flow system. Unfortunately no experimental 
results are available at present for a rotating Marangoni flow during crystal growth in 
either micogravity or normal gravity environment in order to be able to make at least 
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some comparison between the results of the work in [3, 4] and those due to the 
experimental observation.  However, the numerical results due to [3, 4] can stimulate 
experimental studies for further understanding the effects of rotation on such flows, and, 
in particular, on the Marangoni flow, which significantly dominate over buoyancy driven 
flows in a microgravity environment.  
 
     The results on the effects of rotation on the convective flow during protein crystal 
growth [3, 4] indicated that the centrifugal force appears to dominate over the Coriolis 
force for Ta>1.0, while the Coriolis force dominates over the centrifugal force for 
0.0<Ta<1.0.  Since it was found that Marangoni flow is weakest for a Ta value, which is 
generally larger than 1.0, we can conclude that in the regime for higher quality 
production of the protein crystals, centrifugal force dominates over the Coriolis force.  
 
     In regard to the insignificant effect of the angle of inclination γ on the Sherwood 
number and the convective flow in the vicinity of the crystal face detected in the 
microgravity system [4], it should be noted that it may be related to the fact that here the 
surface tension gradient force dominates over the gravity force and the angle of 
inclination γ is the angle between the crystal axis and the rotation axis, which is either 
parallel or anti-parallel to the weak gravity force, so that both the magnitude and 
direction of the weak gravity force are insignificant in the present system.   
 
     It should be noted that, as partly explained earlier in the introduction section, the   
protein crystal growth system was studied in [4] for a two-dimensional planar model and 
in microgravity environments only.  It is quite possible that similar system could be 
studied experimentally in future first under normal gravity condition where both 
buoyancy and Marangoni forces are significant and the system actually is in three-
dimension.  Hence, it would be quite appropriate and interesting to investigate such a 
three-dimensional extension of the work in [4] under both microgravity and normal 
gravity conditions in order to determine the results, which can be compared to possible 
future experimental data as well as to detect possible beneficial roles that rotation can 
play to weaken either or both of the buoyancy and surface tension gradient forces. 
 
 As can be concluded from the work in [2] and [4] reviewed in this article that a 
useful extension of either of these two studies can be an investigation of the problem of 
the type treated in [4] but with the consideration of surface kinetic effects and the 
corresponding boundary conditions for the density of the crystallizing protein and the 
density of the impurity at the protein crystal surfaces and at the chamber walls. 
 
 Finally, it should be concluded that convection control during protein crystal 
growth is possible by applying a rotation vector of appropriate magnitude and direction 
on the crystal growth system.  In addition, as the results in [13] for the alloy crystal 
suggest, application of both a magnetic field and a rotation vector on the protein 
crystallization system may well lead to a more effective way to control the undesirable 
convection and thereby producing higher quality protein crystal.  It is then recommended 
future studies of the flow during protein crystallization and in the presence of both 
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rotation and magnetic field in order to detect any possible relevant parameter regimes 
where the convective flow can be weakened as much as possible.          
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